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Abstract. We study integral representations of the Gevrey series solutions of irregular hyper- 
geometric systems. In this paper we consider the case of the systems associated with a one row 
matrix, for which the integration domains are one dimensional. We prove that any Gevrey series 
solution along the singular support of the system is the asymptotic expansion of a holomorphic 
solution given by a carefully chosen integral representation. 
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I. Introduction 

Hypergeometric systems also known as GKZ systems were introduced in |GGZ87] and [GZK89] as 
a far reaching generalisation of the Gauss hypergeometric differential equation. They appear as a 
special family of D-modules and they have been first studied in the regular case. For example in 
|GKZ90j the authors consider integral representations of the solutions of hypergeometric systems, 
at generic points of the space, which they call Euler integrals. In the irregular or confluent case, A. 
Adolphson considers in [A94J other integral representations of solutions which involve exponentials 
of polynomial functions and appropriate integration cycles. In this paper we develop new aspects 
in the irregular case namely the link between Gevrey series solutions and holomorphic solutions 
in sectors following Adolphson's approach. We want to materialise a Gevrey series solution as an 
asymptotic expansion in a sector of such an integral solution. 

Let us fix some notations: D stands for the complex Weyl algebra of order n, where n > is an 
integer. Elements in D are linear partial differential operators with polynomial coefficients. The 
polynomial ring C[<9] := C[d±, . . . , d n ] is a subring of the Weyl algebra D, where the d/s represent 
the partial derivatives with respect to the variables in the space C n . The input data for a GKZ 
system is a pair (A, (3) where (3 is a vector in C d and A = (o^-) = (a^\ • • • , a^ n ') G Z dxn is a matrix 
of rank d whose j th column is a®. The toric ideal I a C C[<9] is the ideal generated by the family 
of binomials d u — d v where u, v G N n and Au = Av. The ideal I a is a prime ideal and the Krull 
dimension of the quotient ring C[8]/Ia equals d. Following [GGZ87, GZK89J, the hypergeometric 
ideal associated with the pair (A, (3) is : 

H A (/3) = DI A + D{E 1 -/3 u ...,E d - (3 d ) 

where Ei = Y^j=i a ij%jdj is the i th Euler operator associated with the i th row of A. The correspond- 
ing hypergeometric D-module (or hypergeometric system) is the quotient D-module Ma{(3) '■ = 
p 

h a (P)- 

In [GZK89J and |A94] it is proven that any hypergeometric D-module is holonomic. Moreover, a 
characterization of the regularity of Ma{(3) is provided in the series of papers |Ho98] . |SST] and 
|SW08j : The holonomic D-module Ma{(3) is regular if and only if the toric ideal I a is homogeneous 
for the standard grading in the polynomial ring C[d]. In particular the condition to be regular 
for Ma{/3) is independent of 0. The concept of regularity has been studied first in the case of an 
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ordinary differential equation given by an operator P G D for n — 1. Regularity is characterised 
according to Fuchs theorem by the nullity of the irregularity number, an invariant combinatorially 
defined from the Newton polygon of P. In |M74j B. Malgrange proved that the irregularity is 
the dimension of the space of solutions at the origin of C with values in the space C[[x]]/C{x} of 
formal power series modulo convergent ones. Later J. P. Ramis gave a refined version of this result 
in |R84j calculating the space of solutions of a given Gevrey index again by using the Newton 
polygon of the operator. 

The concept of irregularity in higher dimension is considerably more involved but generalizes the 
above results. Let us consider the structure sheaf Ox of a complex manifold X, the sheaf of rings 
T>x of linear differential operators with holomorphic coefficients on X and denote O^. the com- 
pletion of Ox along a smooth hypersurface Y . In [Me90] Z. Mebkhout introduces for a holonomic 
Dx-niodule M. its irregularity complex along Y, Irry(.M) = WHom-r: x {JVl ) 0^y/Ox\y)i and in 
[LM99J the Gevrey filtration of this complex is introduced and related to other invariants of the 
system, the algebraic slopes in the sense of Y. Laurent. 

In the case of hypergeometric D-modules the irregularity sheaves along coordinate subspaces, and 
Gevrey series solutions are studied and described in |F10j (see also |FCllal rFCllbj ). Beforehand 
A. Adolphson |A94j gave a formula for the dimension of the space of holomorphic solutions at a 
generic point of the space and for a generic value of the parameter (3, and he also described integral 
representations of solutions of these confluent hypergeometric systems. In the non-confluent case 
an analogous dimension formula was previously given in [GZK89]. In |ET12j A. Esterov and K. 
Takeuchi prove that these generic solution spaces are in fact completely described by integral 
representations along rapid decay cycles as introduced by M. Hien in |Hi07] and [Hi09j. 

We want to explore the more hidden link between these integral representations and the Gevrey 
series solutions described in jFlOj and |FCllbt fFGllaj . In this paper we treat the case of a matrix 
with one row A = (a 1; . . . ,a n ) with < ai < • • • < a n a list of co-prime integers. This is the 
case where the integration cycles are paths, and as explained below the significant Gevrey series 
are along the hyperplane x n = 0. We prove that any Gevrey series solution of the system can be 
obtained as the asymptotic expansion of an integral representation along a well chosen path. A 
specificity of the one row case is that the rank of the space of Gevrey solutions is independent of 
(3 and we can treat all the values of (3. For a generic (3 we only use the space of rapid decay cycles 
and for special values of (3, namely for (3 G Z \ (Nai + • • • + Na n ) we must add an exceptional 
path, without the rapid decay property. The method of the proof is to reduce the statement to the 
case of the matrix A = (a, b), using the fact that the restriction is compatible with being a Gevrey 
solution as well as with taking integrals on a fixed path. In parallel we know by an argument using 
a Gevrey version of Cauchy-Kovalevskaya theorem that the dimension of the Gevrey solution space 
is a n -i |FCllbj . In the case A = (a, b) the Gevrey expansion is with respect to the second variable 
X2- Its coefficients depend on the variable x\ and are holomorphic in some sector depending on 
the chosen paths. The main issue is to choose carefully a number of paths of integration that 
yield a basis of the space of Gevrey series solutions and share a common sector of convergence for 
these coefficients. This choice appears to be possible if we restrict the range in the argument of 
the variable x<i around a given direction. 

Here is a summary of the contents of this paper. In Section 2 general facts are given about Gevrey 
series solutions following |F10j . In the case of a one row matrix we know that the characteristic 
variety of the hypergeometric system is the union T X X U TyX of the zero section and of the 
conormal to the hypersurface Y : (x n = 0). It is therefore sufficient to consider the irregularity sheaf 
and the germs of Gevrey series solutions with respect to the hyperplane Y and at a generic point 
(0, . . . , 0, e, 0) of Y. We recall from |FCllbj the description of a basis of the space of Gevrey series 
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solutions in terms of T-series and the proof that the dimension of this space is always equal to a n _i. 
We also describe its behaviour by the restriction operation which consists in omitting variables 
among x\, . . . , £ n _2- In Section 3 we recall the definition of hypergeometric integrals of exponential 
type and the fact that they are solutions of the system. It is a quite general fact that these solutions 
have an asymptotic expansion as a Gevrey series with respect to the variable x n provided that 
we choose an integration path of rapid decay both for the function t~^~ x exp (x\t ai + • • • + x n t a ") 
and for t~^~ l exp [x\t ax + ••• + x n -\t an ~ x ). At the beginning of Section 4 we prove that these 
expansions are Gevrey series of order less than or equal to -^ a -. 

In the remainder of this Section we prove the main result of this paper about realisation of these 
Gevrey series as asymptotic expansion of integral solutions. First we treat in detail the case of 
dimension 2 and the last Subsection consists in using various restriction operations on the integral 
that are compared to the analogue described in Section 2 for the Gevrey series. In a short last 
section we deduce from the previous results an explicit description of the germ of the irregularity 
sheaf along Y at a generic point. We get a family of integral with asymptotic expansions that 
yields as expected a basis of the space of classes of Gevrey series solutions modulo convergent ones. 



2. Gevrey solutions of hypergeometric systems 

In this Section we review some results on the construction of Gevrey series solutions of hypergeo- 
metric systems with respect to a coordinate hyperplane. We consider X = C n and the hyperplane 
Y defined by x n = 0. With the hypergeometric system Ma{0) we associate the left coherent T>x~ 
module M.a(P) '■= v^H^m which is called the analytic hypergeometric system associated with the 
pair (A, (3). 

A germ / of the sheaf O^y at a point (p, 0) G Y has the form / = J2 m >o fm{%i, ■ ■ ■ , x n-i) x ™ 
where all the f m are holomorphic functions in a common neighbourhood of p ; in particular the 
restriction of Ox to Y, denoted by Ox\y, is a subsheaf of 

For any real number s, we consider the sheaf O^y(s) of Gevrey series along Y of order less than 
or equal to s defined as the subsheaf of whose germs / at any (p, OjeF satisfy the following 
convergence condition: 

Efm(Xi, . . . , X n -l) 
— - x n G Vx\Y,<p,0)- 

m>0 

If s' < s then 0^ Y {s') C O^y(s). If a germ / belongs to O^y(s) for some s but / ^ O^y(s') 
for all s' < s, we say that the index of the Gevrey series / is s. 

Let A = (a (1) • • • a (n) ) be a full rank d x n matrix with G Z d for j = 1, . . . , n. In |GZK89] 
and |SSTj . the authors associate with any vector v G C n satisfying Av = (3 a series expression of 
the form 

(2.1) <paM x ) -= xV Yl r MK 

uGN v 

where N v — {u G keiz(A) \ nsupp(t> + u) = nsupp(w)}, ker^(A) = {u G Z n : Au = 0} and 
nsupp(w) := {i e {1, . . . ,n}\wi e Z <0 } is the negative support of w G C n . The coefficient T[v; u] 

equals where [v} u = ELN^ an d N« t = IYjLi( v i ~ J + 1) is tne Pochhammer symbol for 

Vi G C, Ui G N. They call it the T-series associated with v. 
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We write <p v = <Pa,p,v is no confusion is possible. It is proved in |SST[ Proposition 3.4.13] that the 
formal expression (p v is annihilated by the hypergeometric ideal Ha{(3) if and only if the negative 
support of v is minimal, which means that there is no u G ker^(A) with nsupp(t> + u) C nsupp(u). 

When (3 G is very generic, that is when /3 is not in a countable union of Zariski closed sets, 
there is a basis of the Gevrey solutions space of M.a(P) along Y at a generic point of Y, given by 
series <p v for suitable vectors v G C n , \F10\ Th. 6.7]. 

In this article we restrict ourself to the case where A = (a\, . . . ,a n ) is a row matrix with < 
ai < • • • < a n , (ai, . . . , a n ) coprime and n > 2. We recall here some results about the Gevrey 
series solutions of Ma,(/3) as presented in |FCllbt Sections 4, 5]. Let us fix some notations. As 
before X = C n and Y C X denotes the hyperplane defined by x n = 0. Let us write Z C X the 
hyperplane defined by = 0. 

When s < one sees from the results in |FCllb] that the set of Gevrey solutions in 0^(s) is 
zero if (3 ^ NA and is a one dimensional space generated by a polynomial if (5 G NA. This result 
follows also from what we show in this paper and we focus now on the case s > 



2.1. Case a\ = 1. Assume first n > 3. A basis of the free Z-module ker%(A) is formed of the 
vectors {u^ 2 \ . . . , u^} where u^ 1 ^ = (a n _i, 0, . . . , 0, —1, 0) and for i = 2, . . . , n, i ^ n — 1, we 
define 

u« = (-a^O,...^,!^,...^) 

where 1 is in the i-th component. For each m = (m.2, . . . , m n ) G Z n_1 we write u(m) = J^™ =2 rriiU^ 
the corresponding element in ker^(A). 

For i' = 0,..., a n _i — 1 define = (j, 0, . . . , 0, -^-,0) G C n and consider the associated T-series 



(2.2) VW = ^ r[v j ;u(m)}x 



u(m) 



m,2 ,-'-,rn n _i,m n >0 

j+«n-imn-i>E^„-i airrii 



We write </?^ = <PA t p )V j and also </?^ = <fA,p,vi if no confusion arises. By the choice of a basis of 
kerz(A) that we make cp^> is a series in x" J C[[xi, . . . , x~\, x n ]] [x^ ]. 



Notice here that the summation in ip^) is taken, according to (2.1 ), over the set N v q) = {u(m) | nsupp(t> ^+ 
u(m)) = nsupp(t> This set N v u) is indexed by 

' {m e N n-i j ■ + an _ imn _ 1 > £ i/n _ x 0^,} if £ N 

^ {m G N™- 1 | j + a n _ x m n _ x > Ei^n-i a i m ^ £j > if £j e N - 

In this last case we can write = j + ha n _i for unique < j < a n _i and feeN and then the series 
<pV' is a polynomial since [/i]m„-i = = r[f J ;M(m)] if m n _\ > h + 1. In fact yj^) i s a polynomial 
if and only if we are in that case. 

The negative support of each v J is if h G N and {n — 1} if (3 — j is a negative multiple of a n _i 
and it is minimal in both cases. The series <pV> is a polynomial in the first case and a solution of 
the ideal Ha(J3) in both. More precisely, 

Theorem 2.1. jFGllbl Th. 4.21, i)] Let A = (1, a 2 , . . . , a n ) G Z™ taitfi 1 < a 2 < • • • < a n , 

Y = (x n = 0) C X and Z = {x n -\ = 0) C X . Then the set of germs at p of Gevrey series 
{ipti) | j = o, . . . , a n _! — 1} is a basis of / Hom T>x (M.A{fl)- l 0^{s)) p for all (3 G C, p G Y \ Z and 

s ^ a nJ a n-l- 
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It is also useful to consider the immersion % : C 3 X defined by the equations x 2 — ■ ■ ■ — x n _<i — 
and the restriction p' with respect to this immersion (coordinates in C 3 are (x\, ar n _i, x n )). 

The series ip^^Xx, 0, . . . , 0, x n -i, x n ) equals precisely (p$ aw _ i > p(xi, x n _i, x n ) so the restriction 
defines an isomorphism 

(2.3) Uomv x (M A ((3),0^(s)) ^(Md,^^^),^^)) 

of the corresponding stalks at any point in Y\ \ Z\ for all /3 G C and s G M where we denote Y\, Z\ 
the subspaces in C 3 with equations x n = and x n _i = 0. 

Remark 2.2. So far we have assumed n > 3. The case n = 2 is special and will be treated now, 
following jFCllaj . We can drop in this case the assumption on a\ and simply write a — a\, b — a 2 , 
with 1 < a < b and gcd(a, b) = 1. 

The corresponding T-series have a slightly different shape (see jFCllaj ): For j — 0, . . . , a — 1, 
consider = G C 2 and 

(2.4) v% = ^ y r [ ^ ]fc r x- x hm xT- 

We have the following 

Proposition 2.3. jFCllal Prop. 5.3 and 5.4] Write X = C 2 , Y = (x 2 = 0) C X. The set (of 

germs) of Gevrey series {^jg I j — 0, . . . , a — 1} is a basis of the stalk of 'Hom-D X {M a{0) , ®x\y( s )) 
at any point inY \ {(0, 0)}, for any real number s > - and any (3 G C. 

For a generic value of the parameter j3, y? [^ a ^ (xp, xi, x 2 ) restrict by setting x = to another 
basis of the solution space in Proposition 2 3| The shape of the base change is a reindexation 
j — > j' composed with a diagonal invertible matrix (p9^ a b \(0, xi, x 2 ) = Aji/^gj. This fact and more, 



is explained in Proposition 2.7 1) below. 



2.2. Case a 1 > 1. Recall that X = C n , Y C X (resp. Z C X) is defined by x n = (resp. 
%n-i = 0). First of all, we follow [FCllbl Rk. 5.4] to prove the following equality 



Proposition 2.4. 

(2.5) dim c (Uom Vx {M A {P), 0^>(s)) P ) = a„_i 

ifp<EY\Z and s > for any (3 G C. 

Proof. We apply, among other results, Cauchy-Kovalevskaya's Theorem for Gevrey series. We con- 
sider A' = (1, ) and the hypergeometric system M.a'{P) on X' := C n+1 with coordinates 
(x ,xi, . . . ,x n ). We denote by Y' C X' (resp. Z' C X') the hyperplane x n = (resp. x n _i = 0) 
and we identify X G X' with the hyperplane x = 0. Notice that K = V fl X and Z = Z' D X. 

By |CT03t Proposition 4.2] we can apply Cauchy-Kovalevskaya's Theorem for Gevrey series solu- 
tions (see [LM02, Corollary 2.2.4]) to deduce that there exists a Cauchy-Kovalevskaya's isomor- 
phism CK S X , x 

CK S 
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where M. A >{(3)\x stands for the restriction in the category of P-modules. This is true for any 
s6M and for any (3 and even if gcd(ai, . . . , a n ) ^ 1. 

We write CK S = CK X , x is no confusion is possible. The isomorphism CK S is induced by the 
inclusion X C X', by the action of restriction on the modules involved. Theorem [ FCllbt Th. 5.1] 
states that for any (3 G C there exists (3' G C such that the restriction M.a'{P)\x is isomorphic to 
the hypergeometric r>x~ m odule Ai A ((3'). Moreover, by the same Theorem |FCllbt Th. 5.1] one 
can take 0' = (3 for all but finitely many (3. We denote by sp(A) the finite set of (3 G C such that 



(3' (3. In particular, the isomorphism CK S and Theorem 2.1 prove equality (2.5) for p G Y \ Z, 

Assume now (3* G sp(A). We can take (3 = (3* + A'i = (3* + A-f for a suitable i = (0, 7) G N n+1 U 
(— M) n+1 in such a way that (3 G" sp(A) and so the corresponding morphism CK S is an isomorphism. 
By using JSqH Th. 2.1], fBTTl Th. 6.5] one has that the morphism • <9 7 : M A {f3*) -»■ M A {(3) if 
7 G N n (resp. ■ <9~ 7 : M. A (f3) —> M-a{P*) if 7 G (— N) n ) is an isomorphism. This proves equality 



(2.5) for (3* G sp(^4). □ 



Once the equality (2.5) is established we give a description of a basis of the solution space of 
M. A [(3) in (9^>(s)). We use the restriction morphism 

(2.6) nom Vx XM A i(3),O^Xs))\x 'Hom Vx (M A (f3),O xrY (s)) 

for (3 G C and s G R. This morphism is well defined and it is induced by the restriction to Xq = 0. 
It is useful to write x' = (xo, x) and x = (x\, . . . , x n ). Then p s x , x (<p(x')) = <^(0, x), since if <p(x') 
is a solution in the first space then ip(0,x) is a solution in the second one. Notice that it is an 
approach of restriction that is different from the one by the CICs. 

We now consider the basis {(p^j Jxo, a;)}"™^ 1-1 of germs (at a point in Y \ Z C Y' \ Z') of Gevrey 
series solutions (of order < s) of Ai A >((3) described in Theorem 2.1 We simply write (p^ = ^ A i a- 

The terms in x^Ti have the form 



mi ™ m n-2 ~ m n-l m n 



where -u(m) is a general element of kerz(A') C Z n+1 . The summation in ipV) (see (2.2)) is taken 
over the set {m G N n | j + a n _im„_i > ^2i^ n ~i a i m i}- 

It is useful to write the formal expansion of (^^(O, x). According to what is said before we have 



(2.7) ^)(o,x)=<r 1 1 J2 



Lq n -iJ m n-U- m n - 2 -m„_i m „ 

777,1! •• •m n _ 2 !m n ! 



_l U l' 

Notice that the family of non zero <£>^(0,x) is C-linearly independent because their supports are 



pairwise disjoint. This, and equality (2.5), proves the following (see |FCllbl Remark 5.4]) 

Theorem 2.5. Assume that (p^(0,x) is non zero for j = 0, . . . ,a n _i — 1. Then the set (of germs 
of) Gevrey series {(p^\0, x) \ j — 0, . . . , a n _i— 1} is a basis of the stalk ofHomj) x {M. A {(3), O x -^y{s)) 
at any point inY \ Z for s > -^ a - . 
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Remark 2.6. Assume now that for somej = 0, a n _i -lone has ^(0,x) =0. Bv jFCllbl Rk 



5.4] this condition happens if and only if /3 G N\NA Furthermore this j is then unique for a fixed 
(3 and the image of the morphism p s x , x has codimension 1 in the stalk of T-LomD x (MA(f3), O^T r {s)) 
at any point in Y \ Z and for all s > We will show in Theorem 

of this last solution space for all /? G C 



4.8 



how to describe a basis 



2.3. The restriction to x = for A' = (1, ka, kb). Let us consider the morphism p s x , x when 
X = (xq = 0) C X' = C 3 and the matrix A' = (1, A;a, with 1 < a < b, 1 < ka and gcd(a, 6) = 1. 



The morphism p s x , x , as defined in (2.6), sends solutions of M.a'{P) to solutions of M.{ka,kb){P) and 
this last T> x -mo<l\i\e is isomorphic to M.( a ,b)(^)- in particular if k > 1, p^c x * s n °t an isomorphism, 
since the corresponding solutions spaces have dimensions ka and a respectively. Below we describe 
in detail a different but related morphism involving the restrictions of the derivatives up to order 
k — 1 with respect to the variable xq. 

So, instead of considering A = (ka,kb) as before it is better to write A = (a,b). Coordinates in 
X' are (xq, Xi, £2). 

For j — 0, . . . , ka — 1 let us write = (j, 0) and 

,0') _ [ fc a J-miJ- j+fcami-fcbma 



m l' m 2 — ^ 
j+kami > kbm,2 



Notice that if a series (p (as for example p) ls a solution of A^a'(/3) then ^ is a solution 
of the system A^a(^) for all I > 0. We are going to compare this solution, for <p = <Pa' ^° ^ ne 



, mi m 2 



usual Gamma series solutions ip^l,(xi,X2), see (|2.4|), of this last system M. A (f3') for /3' = ^7^. We 



consider the following C-linear map 



p-i 



(2.8) nom Vx ,(M A iP),0^,(s))\x — 0Hom^ (a< a > ^y( s )) 

£=0 V V / / 

/of 

which maps <p to the vector I «-r(0, Xi, x 2 ) I . Here F' = (x 2 = 0) C X' and F = X fl F . 

V " x o / £=0 



Notice that the morphism w% is well defined and that it coincides with the morphism (2.6) when 
k — 1. The following Proposition generalizes to an arbitrary k what is already proved for k — 1 in 
Theorem 12.51 and in Remark 12.61 : 

Proposition 2.7. 1) Assume that (3 <=£ N or (3 e Ur=o( r + Then the C-linear map w% is 

an isomorphism of vector spaces. 

2) Assume (3 G IJr=o( r + ^(N \ NA)) and consider the integers jo,r ,q uniquely determined by 
< jo < ka, < r < k and (3 = jo + kah = r + kq + kah. Then the image of the map is the 

codimension 1 subspace, generated by all the (0, . . . , 0, ipj! ' ? _ T , 0, . . . , 0), with a non zero term in 

' k 

position r, and (j', r) 7^ (j' , r ) for f G {0, . . . , a — 1} uniquely determined by bj' = qo (mod a). 

Proof. We consider the morphism w% induced on the stalks at points in F \ Z, Z = (x\ = 0) C X 
and s > -. Let us fix j = 0, . . . , ka — 1 and write j = kq + r for unique < q < a and < r < k. 
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So we have 



(3 — j (3 — kq — r (3 — r 



ka 



ka 



ka 



Q 
a 



P-r 
k 



The general exponent of xq in (pj)g is j + k{am\ — 6m 2 ) = r + k(q + ami — bm-z). An exponent 



of x\ in 



dxi 



for < £ < k, can only come from a term in (pj)* for which the underlying 



zo=0 



exponent of Xq is I. Therefore the only pairs (mi,m 2 ) G N 2 that may appear are those satisfying 
the relation : 



(2.9) 



j + k{am\ — 6m 2 ) — £ = k(q + ami — bm 2 ) + r — £ = 0. 



This cannot happen if £ ^ r which means that 



9x 



if £ ^ r. The equality (2.9) 



xq=0 



is equivalent to q = bm 2 — ami and £ = r. For any (m 1 ,m 2 ) G N 2 satisfying (2.9), we write 
m 2 = am + j' with < j' < a. We notice that the integer j' depends only on q, hence on j because 
q = b(am+j') — ami so that a divides bj' — q. For the rest of the proof we denote it j' = p(j). By a 



is 



PS 

ka 



— mi 



ka a 



xq=0 



straightforward calculation the general exponent of x\ in a ^' p 

which equals the general exponent of X\ in ip^p' by (2.4) applied to 0' = The series ip^p 
and *p%f are indexed respectively by (mi, m 2 ) and m. Their terms are in a 1-1 correspondence 



through the relations 



mi 



bm + — - and m 2 = am + p(j). 



Now we compare the corresponding coefficients in 



c)x' n 



and in ip 



x =0 



(pW) 

A,/3' ■ 



The quotient of these 



two coefficients is well defined, for all m > 0, when f3 ^ N and it is 



(2.10) 



where z — 1 



m 2 ! 




Y(z — bm + mi)(kq + r)! 

fX^Mj)! 



P-r 
ka 



P(j)b 



This shows that this quotient is independent of the term chosen, because the integer bm — mi 
q ~ hply ^ does not depend on m, vn\. So, if (3 G" N we have found a constant Aj G C* such that 



dx r Q 



x =0 



,(p(i)) 

k 



S^ A ^2 



and 



dx l Q 



if £ ^ r. 



x =0 



When (3 G N, we write /? = jo + — r o + kq + fca/i, with unique < r < and < q Q < a. If 
j 7^ jo = r o + the quotient in (2.10) is still well defined for all m and the relation Aj ^ still 
valid. 



If /3 G ro + fc(N\N(a, 6)), the quotient is still well defined but we have Xj = by Remark 2.6 since 
ipfflp is a polynomial solution of A4a'(/3) and M.a (^p) nas no non zero polynomial solution for 

Assume now = /ia + go G N(a, 6) so that /ia + go = wa + vb for some w, t> G N. We can write 
in a unique way go = — nia + n 2 b with < n 2 < a. One has (h — n{)a + n 2 b = ua + vb which forces 
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v > n 2 and h — n\ — u > 0. In particular, h>ri\ and [h] ni ^ and so \j ^ 0. This proves 1) and 
2) taking^ :=p(J ). □ 

3. HYPERGEOMETRIC INTEGRAL OF EXPONENTIAL TYPE 

With the pair (A, (5) one associates the following integral (called hypergeometric integral of expo- 
nential type): 



I 7 (A, /3; x) = I(/3; x) := J t"^ 1 exp ^ Xj t a ^j 



dt 



where A = (ai, . . . ,a n ) and 7 is a cycle in the rapid decay homology with closed support of M. 
Hien. We also write J 7 (/3;x) = I(/3;x) if there is no possible confusion on the matrix A. 

The integral I(/3;x) satisfies the equality P(I((3;x)) = for any P in the hypergeometric ideal 
Ha{P). So we consider I(/3; x) as a solution of JAa(P)- Our goal is to give an asymptotic expansion 
of I(j3; x) as Gevrey series along the coordinate hyperplane appearing in the singular support of 
M A {8). 

We are going to prove in this case that all the Gevrey series solutions can be obtained as an 
asymptotic expansion of such an integral. 

In the one row matrix case the rapid decay cycles are easy to describe and we prove first an 
asymptotic expansion statement. In the following proposition we consider a path 7 : R — >■ C such 
that the arguments of x n t a ™ and of Xn-it -™- 1 both have limits in the open interval ]|, =y[ when 
t — ?■ +00 or t — > —00. For a fixed 7 this condition remains valid in some open sectors in the spaces 
C* for the variables x n _i and x n . These paths are exactly the rapid decay cycles for the function 

t — > t^ 13 ^ 1 exp (Y™ =1 Xjt a ^ and for its restriction to the hyperplane x n = 0. 
Proposition 3.1. The integral depending on x = (xi, . . . ,x n ): 



I(/3;x) = yV^exp (itjXjt*' j dt 



admits an asymptotic expansion YlkLo c k( x i, ■ ■ ■ > x n-i) x n f or x n tending to zero whose coefficients 



are 



(3.1) C k {x U ...,X n . X ) = ^ / t-^ 1+ank V W Ur,r- - .C„ ,./"< ')(//. 



7 



For a fixed cycle 7 this expansion is valid in a product C n 2 x S n _i x S n involving open sectors Si 
in C*. 



Proof. By developing the exponential e Xnta " we may write 

(x n t a ") k 



/(/?; X)= 1 1^- 1 exp ( Xl t ai + ■■■+ Xn^- 1 ) ( 

^ \k=0 



k\ 



dt 



and we get 



N k r 

(3.2) /(# x u . . . , x n ) = ?r / t^-?- 1 exp (x^ + ■■■ + x n ^t a ^)dt + R N (fr x u . . . , x n ) 



10 

where 
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R N ((3; xi,..., x n ) = R N (/3] x) 



exp {x\t 1 H h x n -it 



1n-l v 



(x n t a ") k 



k\ 



(It. 



These integrals are all convergent on 7 due to its rapid decay properties and we shall use the 
following elementary lemma involving an auxiliary complex variable z £ C : 

Lemma 3.2. Let r^(z) = Y1T=n+i fr be the remainder of order N of the exponential power series. 
There exists a positive real number C' N , depending only on N , such that for all z with tflz < one 
has 

\r N {z)\<C' N \z\ N+1 . 

Since there is a compact set K such that for t G 7 \ K we have $t(x n t an ) < there is a possibly 
larger constant Cn depending also on 7 such that 

Vt 67, \r N (x n t a -)\ <C N \x n t a -\ N+l 

So we have 

,a„_n r N (x n t a ") 

{x n t^Y+i aL 

= |QAr(/3;xi, . . .,x n )\ ■ \x n \ N+1 . 

This proves the existence of an asymptotic expansion which is locally uniform with respect to 
(xi, . . . , x n -i). Indeed as indicated in the statement, the domain of convergence of the last integral 
Qn contains the product of C n ~ 2 by a product of sectors in the variables x n _i, x n . It is convergent 
since the integrand is bounded by the integrable function : 

C N |tMJV+i)-/3-i exp ( Xifll + . . . + Xn _ lt «»-i)| . 

□ 



\Rn((3;x)\ 



X N+1 I t a n (N+l)-l3-l exp + ... + Xn _^ 



4. GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS FOR A = (di, 



First of all we prove the following 

Proposition 4.1. The asymptotic expansion of the integral depending on (x\, . . . ,x n ): 



I{/3;x) 



J r^exp (^T^Xjt^ j dt 



given in Proposition 
x n = 0. 



3.1 



is a Gevrey series of order less than or equal to s 



with respect to 



Proof. We set (a n _i,a n ) = (da,db) with gcd(a,6) = 1 and for each k £ N, k = aq + j with 
< j < a. Looking at the exponents of t in the integrands, the coefficients in (3.1) satisfy by 
derivation under the sign the relation 

d qb c- 

(qa + j)\c qa+j (xx, x n -!) = j\- . . • , x n _i) 

OX n —i 

Since each of the functions cq, . . . , c a -\ is holomorphic, we have in a small enough neighbourhood 
of a point Xi, . . . ,x n -i with 9?x n _i < a uniform upper bound involving a constant K that we 
can choose common to all the indices j = 0, . . . ,a — 1: 

(qa + j)\ \c qa+j {xx, . . . ,x n ^)\ < j!(g6)!^ b 
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Then a local upper bound of Ck(xi, . . . , x„_i) is the quotient 



Hence, the asymptotic expansion that we consider is a Gevrey series of order at most | = - S!a -. □ 



Remark 4.2. We will see, as a consequence of Theorem 48 that in fact these Gevrey series have 
index equal to when 8 is generic enough. See Section [5l 

4.1. Case A = (a,b). The aim of this Subsection is to compare, in the case A = (a,b), the 
Gevrey asymptotic expansions of the hypergeometric integrals to the Gevrey solutions described 
in Proposition 2^3 This comparison is proved in Theorem 4/7 We consider here a, 6 G Z, 1 < a < 6 
and a, b are relative primes. 

We consider the integrals 

Iry{A, 8; x) = J 7 (/9; x)= I t~^~ x exp [x x t a + x 2 t b ) dt. 
with respect to various specific cycles of rapid decay 7 = C p as in Figure 1. 




Fig. 1. The cycle C p . 

This path consists of the real half line [e, +00 [ negatively oriented, and the half line u p ■ [e, +00 [ 
where uj p = e - ^ is a 6-th root of unity joined by the arc of a circle {ee tB | < 6 < ^} with 
e > 0. 

The cycles C p <g> a, for 1 < p < b are a basis of the rapid decay homology with closed support 
as defined in |Hi07] where a is a section of the local system C • f 13 ' 1 exp(a;it a + X2t b ) in C*. We 
choose the determination of logt as being real on [e, +00 [. When 8 is generic, in practise here 
when 8 $l Z, they are all non compact and when 8 is an integer the last cycle is compact being 
equivalent to the circle of radius e because t~^~ x is uniform on C*. The integral along C p does not 
depend on the choice of e and we have an asymptotic expansion which is just a particular case of 



Proposition 3.1 



Proposition 4.3. The integral depending on (x\,X2): 

Ic p {^xi i x 2 )= [ t'^e^+^dt 



is defined when $1x2 < and admit an asymptotic expansion YlT=o Ck ( Xl ) x 2 whose coefficients are 

Ck ( Xl ) = i / t-?- 1+bk e^ ta dt. 



k\ 

- ^ P 

This expansion is valid in the open sector defined by $tx\ < Q,$t((ju p xi) < 0. 
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□ 



Remark 4.4. Notice that the open sector of the variable x\ described in Proposition 4J3 is empty 
when = — 1 which happens if (2k + l)b = 2pa. In Proposition 4.5 we will show that if we 
restrict the domain of the variable x 2 to some sector ir — e < arg x 2 < vr + e for a small e > we 
may enlarge the domain of validity in the variable X\. 

We give now a more precise description of the asymptotic expansion of the integral Ic p (P) x i, ^2)- 
The coefficient c k (x\) can be decomposed as a sum — 4,1 + J k + 4,2 where 

1 r+00 

I k ,^e,x 1 ) = -J s bk ^- l e^ sa ds 

2p7T 

For large enough 9ft(6A; — /3) > and the limit of 4(e, Xi) is when e tends to 0. Under the same 
condition the limit of the sum 4,1 and of 4,2 exist and then 

1 r+00 1 /"+0O 

(4.1) c fc (x!) = i- / e^^tP-P-^fda - ± / s^-^ds. 



k\ Jo k\ jo 

Let us denote c k {xi) = 4,2(^1) — 4,1(^1) this decomposition of the coefficient c k (xi) as a difference. 
We transform 4, 1(^1) for x± real negative by the change of variable u = |xi|s a , ds = 



(4.2) I kjl ( Xl ) 
The final result is 



1 



s^-'e^ds 



1 



u 



\Xi\ 



bk-f) 



e u du 



au 



1 



+OO 



bk-p 

U a 



l e~ u du 



when we choose 7r as a determination of the argument of x\. The equality is valid on the half 
plane 3txi < because both sides are holomorphic and coincide on the real negative axis by the 
equation (4.2). The last integral equals T(^ :z ^-). 



Similarly the first part of the equation (4.1) for c k (xi) can be evaluated for the values of X\ G C 
such that XiUp is real negative and setting u = |a;i|s a for such a fixed X\ 

4,2(^1 



1 

jfe! 



+00 



1 

ki 



+00 



bk-p 



e u du 



au 



The appropriate argument for is therefore in order to get argxiw^ = n one must set 

argxi = 7r — By a calculation identical to the one used for 4,1(^1) we get: 



Fi 



P-kb 



rt-kb 



X-, 



j-f P-kb \ 2iapir , p-kb -. 

e ( a ' e b ( a ' 



P-kb 



e 1 o >e *> ' 



4,2(^1' 



P-kb 



—x 1 a e 
a k\ 



-iir( 



i- 1,1, 



bk-P -, _ 

u » e du. 



We get an expression of 4,2(^1) formally identical to the one for 4,iO r i)- However the respective 
determinations of the argument of x\ that we use in these two integrals are in general different 
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in the common domain of definition. This domain is the intersection S p of the two half planes 
9fcci < and JfaiwI 1 < 0. Therefore in this common sector there is a constant c(k,p) such that 
4,iOi) = c(k,p)I k ,2{xi). 

Assume that cu® ^ —1. We have arg(o;~ a ) = — anc i we define the integer £ E {0, . . . , a} by the 
property that a = 2ix{£ — y) is the determination of arg(w~ a ) in ] — 7r, 7r[ 



(4.3) 



2nap 

7T < 2tt£ < 7T. 



In other words £ = |~y — |], and since cup 1 7^ —1, £ is the unique integer such that |y — £\ < \. 
The argument used for x\ in the sector of validity of 1^,2(^1) is centered on the value it — 



2apn 



] — 2tt£, —2tt(£ — 1)[. Therefore it is equal to argxi — 2tt£ if we denote by argxi the standard 
determination in ]0, 2ir[ used for Ik,i{xi)- By treating the effect of this difference on the monomial 



(3-kb 

x 1 a we obtain in the sector S p 



(4.4) 

If we set k = am + j it results in 



The asymptotic expansion of 1q {x\, x?) is valid in the same sector by the proof of Proposition 
and we obtain still limiting ourselves to k or m large enough : 



3.1 



(4.5) 



,2«7T 



1 I Iam+j,l( x l, 



a(am + j) 



-e in ^ ) e inbm x 1 



bm-. 



r ( bm + 



jb -13 



Assume that £ Z. Recall from (2.4) and Proposition 



2.3 



the elements := t^9J b \ p of a basis 
ess than or equal to s > \ at generic points in F = (a; 2 = 0). 

tiple by a 



factor depending only on j of the coefficient of x^ 71 ^ 3 in the expansion of See k6f below 



of the Gevrey solution space of order 

We want to arrange the expression of c am +j(xi) in (4.5) so as to recognize in it a mu 
factor depending only on j of 

Using the well known identity 
T(z)T(l-z 



7T , r(z + i) 

and 



r ( bm + 



bj-0 



a 



sinirz T(z — m + 1) 

/ j\bm„ 



[4 



7T 



z(z — 1) . . . (z — m + 1) 

P-bj 



'-l) bm 7l 



sm^vr • =^)r 
the expression of the function c am+ j is finally : 



bm + i) Bin(7r • #=£)r(£=# + r 



6 m 



(4.6) 



C-am+j 



2in 



ne n a > 



6m 



; j!sin(7r- M)r(« + 1) [am + j] c 



Now we are ready to prove a more precise statement about asymptotic expansion of the integral 
along the cycle C p . 
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Proposition 4.5. (1) The integral Ic p (xi,X2) has, provided that e t> — 1, an asymptotic 
expansion which is a linear combination of the Gevrey series ip^\ When (3 Z the coeffi- 

cient of ip(ri in this linear combination is equal to the product of — 1 := (e 2Mr ^~ ) — 1 

by a non zero constant Xj which does not depend on p while \£ — ^| < |. When (3 G Z the 
same is true if £ Z. Finally when (3 G Z \ N(a, b) the coefficient of is zero for 
the unique jo such that /3 ~ bj0 G Z<o. 



(2) Assume uo't ^ — 1 and set a 



2n(£-f] 



\a\ < 7r. Then the expansion in (1) is valid for 



$1x2 < and x\ in the sector of angular width tt — \a\ defined by the condition : 



argxi g 



a 



3- 



[ if a > 



2 

2 . 2 + a[ if a < 0. 



3tt 



(3) // we restrict the domain for the variable X2 to a sector | arg^) — 7r| < e with e sufficiently 
small we can extend the domain of validity with respect to the variable X\ to a larger sector, 
in such a way that for each £ G {1, . . . , a} there exists p G {1, . . . , b} for which \£ — ^ I < \ 
and the open extended sector contains the real negative axis. 



Proof. By Proposition 2.3 and since the integral Ic p (x\ } X2) is a solution of the hypergeometric 



system Ai^(/3), the asymptotic expansion that we foun d in Proposition 4.3 is a linear combi- 



nation of the Gevrey series ip^\ described in equation (2.4). Let us call fXj the coefficient of 
this linear combination. Since the set of exponents of the series ip^ are mutually disjoint the 



sum ■() ''"»■ 



x 1 x 



am+j 



must be the multiple jijij)^ of the series ip^\ Assuming first that 



(3 Z the calculati on f or m large enough in equation (4.5) is sufficient to determine and 
comparing formula (4.6) with the expression of the series ip^ gives the result with the value 
Xj = vre--(^) (a jl sin(vr • «)r(« + l))" 1 . 

When (3 G Z there is a unique jo G {0, . . . , a — 1} such that /3 ~ a bj0 is an integer. For j 7^ j 0} the 
same argument applies for the determination of fij. Let us write (3 = bjo + aq, with q G Z. In 
that case c am+ j (xi) = for m big enough. When q < or equivalently (3 G Z \ N( a, fo) the series 
•0(io) an infinite number of terms and a gain the argument based on equation (4.5) gives the 
announced result with /j,j = by equation (4.5). When j3 G N(a,6) the series reduces to a 
polynomial and equation (4.5) gives no information about fij to be reported in the statement of 
Proposition |4.5| 

In the exceptional case (3 G N(a, b) we fin d directly that comes from an integral solution. 
Indeed by inspection of the T-series in (2.4) we find that (p^ ^ is then the polynomial 



m=0 



bin 



am 



■3o]c 



-x 



q—bm am+jo 



and this is exactly the integral 

1 



Ii(A,p;x) 



1 



x 



-13-1 



exp (xit a + x 2 t b ) dt 



2ixiq\j \ 2niq\jo\ 
along the compact cycle 7 = (|t| = e) for e > small enough. 

Consider the two half planes < and 3t,(xiUp) < where the functions Ik,i and Ik,2 are defined. 
Since a is the principal argument of u~ a , they intersect along the common sector 
a,^ + a[. This gives the second statement. 



I 2 ' 2 I 



n 



11 + 



GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS I 



15 



Furthermore for each 
which yields: 



G {1, . . . , a} we choose p G {1, 

2nap. 



b} such that \a\ the smallest possible 



a 



\2n£ 



< 



na 



This remark is useful for the proof of the statement (3) and shows that the restriction ^ — 1 is 
harmless since we can avoid it and reach any given i. 

In view of the last statement let us consider the family of paths e t9 C„, for \9\ < 



2b 



. When 

x 2 remains in the open sector | arg(x2) — 7r| < e centered on real negative axis they are all rapid 
decay cycles for the function exp(xit a + X2t b ) and are equivalent in the rapid decay homology. 
Therefore we have : 

Ic p (xi,x 2 ) = / r^ -1 exp(xit a + x 2 t b )dt = / t' 13 ' 1 exp(xit a + x 2 t b )dt. 



By Proposition 3.1 the Gevrey asymptotic expansion of Ic p (xi,x 2 

k with : 



statement (1) of the Proposition can also be written ^ 

<- bk - p - 1 exp( Xl t a )dt 



1 



1 



t 



bk-P-l 



that we have obtained in 



exp( Xl e iae t a )dt 



The domain of validity with respect to the variable x\ of this asymptotic expansion therefore 
contains a sector Sg which is the image by a rotation with an angle — a6 of the initial sector obtained 
from part (1) of the Proposition. Since we can continuously deform the paths of integration from 
C p to e l9 C p the domain of validity of the asymptotic expansion of In is the union of all the sectors 
Sg. The original sector Sq is centered at | + 7r and its width is 7r — \a\. When | arg(x2) — 7r| < e 
we have enlarged this width by an angle | (ir — 2e). The width of the enlarged sector is : 



7r — a 



Since this sector is centered at | + n G 



+ -(* 



2e) > vr - 2e. 



for e > small enough. 



1 1L 3" 71 " 
I 2 ' 2 



[ this proves that it contains the real negative axis 

□ 



Proposition 4.6. Assume that [3 £ Z. T/ien /or en en/ Gevrey series ip of order less than or equal 
to s > which is a solution of the hypergeometric system JAa{P), there is an holomorphic solution 
defined in a product of sectors, which is a neighbourhood of the product of the real negative axes, 
and which admits if as an asymptotic expansion. This solution can be described as an integral of 
the function t _/3_1 exp(xit a + x 2 t b ) along a rapid decay cycle. 



Proof. According to Proposition 2.3 it is sufficient to prove that each of the series ipw or what 
amount to the same each series \jip^ is the asymptotic expansion of such an integral. In Propo- 



sition 4.5, we have described such integrals and asymptotic expansions as linear combinations of 
the Xjip^K The number a of these integrals is equal to the dimension of the space of Gevrey 
solutions. Therefore in order to prove the statement we just have to show that the square matrix 



of the coefficients of these linear combinations is invertible. In the notations of Proposition 4.5 
this matrix is: 



/ 



1 \ 



M 



\ Qa-i - i ql-i - 1 
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and one show by elementary calculations 



detM 



1 

Qo 



l q a -i 



a 2 



Qo 



a-1 



life - X ) life - *) ^ 



i<j 



e 2 ™ 3 a 13 ; with (3 ^ Z and a, 6 co-prime. 



□ 



where the last inequality follows from qj 

Theorem 4.7. For any (3 G C and for every Gevrey series ip G Oj^y(s), s > | ; which is a solution 
of the hypergeometric system A4a{(3), there is an holomorphic solution defined in a product of 
sectors, which is a neighbourhood of the product of the real negative axes, and which admits tp 
as an asymptotic expansion. All these solutions can be described as an integral of the function 
t~P~ x exp(xit a +X2t b ) along a rapid decay cycle when (3 Z\N(a, b). When (3 G Z\N(a, b), the above 
integral solutions span a codimension one subspace and there is a one dimensional supplementary 
space obtained by expanding an integral along [0, +oo[. 



Proof. When f3 ^ Z, Proposition 46 gives a complete proof of the statement. When (3 G Z we 
write (3 = job + aq, < jo < a - The proof of the same Proposition solves the case of the Gevrey 
series ift^' for j ^ j . Indeed the matrix M in this proposition has its last column equal to zero 
and the row corresponding to ip^ ^ is zero too. We find that the matrix M is of rank exactly a — 1 
so that all ip^ for j ^ j are obtained as integrals on rapid decay cycles. The non obtained Gevrey 
series is: 

[q]bm 



1P 



(jo) 



E 

m>0 



~am + j ] c 



It is a polynomial if and only if q > 0, that is when (3 G N(a, b). We notice that it is exactly the 
case where the integral along a circle of radius e > centered at the origin which is equal to 



j t -p-i e ^ + ^ dt = 2m j2 



1 2 

w 



e 1 a+e 2 b=/3 

is non zero. Since this is a polynomial solution we are done in this case. 

Finally when G Z \ N(a,b), that is when q < 0, we notice that there is an integral holomorphic 
solution given by the formula: 

(4.7) Jfi(xi,x 2 ) 



+oo 



Pp(xi,X2,t)) dt 



where Pp is zero if (3 < 0, and otherwise is the Taylor polynomial of degree < (3 for t — > e Xlta+x ' 2tb : 



Pp(x 1 ,x 2 ,t) 



E 



ii\e 2 \ 



In fact deg t Pp < (3, by the condition (3 N(a, b). This yields the convergence of Jp at +oo. 

The fact that Jp is a solution of the system Ha{(3) is completely similar to the proof in |A941 
Section 2] for the case of rapid decay cycles. The reason is first that since d\ — <9f annihilates 
e x 1 t a +x 2 t ^ annihilates as well the coefficients of all the monomials P in its power expansion and 
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hence also the polynomial Pp(xi, x 2 , t). Concerning the Euler operator x — axidi + bx 2 d 2 we just 
have to notice that the relation for the integrand which leads to the proof is still valid : 



X 



(e* ltW - Ppfaxt, t)) = td t (e x ^ a+x > tb - P p (xi, x 2 , t)) 



In order to end the proof of Theorem |4.7| we just have to check that J@ admits under the same 
conditions as in Section 



4.1 



an asymptotic expansion (of Gevrey order less than or equal to 



b • 



which must then be a linear combination fijip^ of all the ip^\ We rewrite it as follows 

7T j k\ 



r +oo fjo / p la . K 

e^ 1+ "K""- E -ir £ * 



ia<0-kb 



and this leads to the existence of an asymptotic expansion completely similar to the one given in 
the general case, but with a coefficient of x\ given by : 

1 r + °° ( ryA+laX 

(4.8) = * / i """ 1+w= K"°- E -jr ) dt 

' J ° \ £a</3-kb ' / 

which is again a convergent integral. The change of variable s = —x\t a for x\ G IR<o works exactly 
in the same way as in Remark 4.4 and Proposition 4.5 In fact as soon as k is large enough the 

x e t e a 

correcting term 2^ a<( g_ fcb - J jr~ is zero and we find explicitly : 

c k {x x ) = —e- m — r P - )x 1 a . 

akl \ a J 

Considering the coefficients c am+ j (xi) for m large enough, we see that the coefficient fij of 

is non zero in the asymptotic expansion of Jp as expected. □ 

4.2. A basis of Gevrey asymptotic expansions. Let A = (ai, . . . ,a n ) with integers < a± < 
■■■ < a n and gcd(ai, . . . , a n ) = 1. By a rapid decay cycle we always mean in this section a 
rapid decay cycle for the exponentials of both polynomials Xa<?<n x j^ aj an d ^2x<j< n -\ x it ai • 
Propositions 3^ and 4^ we prove that for any (3 e C and any rapid decay 1-cycle 7 there is an 
asymptotic expansion of the integral I 7 (A,fl,x). We denote it : 

$ 7 (A,/3;a;) = a.e.(/ 7 (A, /3, x)) = a.e. yj r^exp ^Y]xjt a ^j dt 

We also prove that this asymptotic expansion $ 7 (A, /3; x) is a germ of Gevrey series in O^y(s) at 
any point in Y \ Z for all s > - s5n -. Let us consider a vector space consisting in formal linear 

Ge 

combinations of geometric cycles of the above type. We get a map 7 >■ $ 7 from E to the 

space of Gevrey series solutions of the system. When /3 G Z \ NA, and restricting to a product of 
sectors in the variables x n _i, x n centered on half lines whose respective arguments are (ir — a n _i# 
and 7r — a n 6), we may as in the previous Section define an asymptotic expansion for the integral 

Mxi, ...,*„)= / r^ 1 ( e ^+"W - P^( Xl) . . . jXwt )) dt. 

Je iB -[0,+oo[ 

Here Pp{xi, . . . , x n , t) is again the Taylor polynomial of degree (3 for t — > exp (xit ai + ■ ■ ■ + x n t an ). 
When (3 G Z \ we still denote $ 7 (A, /3; x) such an asymptotic expansion. By extension we still 
call a vector space of cycles the formal direct sum of a one dimensional space C • e %e ■ [0, +oo[ and 
a subspace made of rapid decay cycles. 
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The goal of the remaining part of this Section is to prove the following generalisation of the 



surjectivity statement for Ge that follows directly from Theorem 4.7 



Theorem 4.8. There exists an a n _i dimensional vector space E of cycles such that the map Ge 
from E to the set of germs of Gevrey asymptotic expansions is an isomorphism onto the stalk of 

T-iom T)x \M A {f3), ^xjy( s )J at an ^ P oint inY\Z for s > 

Remark 4.9. 1) By |FCllbt Remark 4.12] it is enough to prove the Theorem for points of the 
form (0, 0, e, 0) e X with e ^ 0. 

2) In the proof of this Theorem we will see that for /3 ^ Z \ NA the space E is a space of rapid 
decay cycles. When (5 e Z \ NA there exists a unique e %0 ■ [0, +oo[ which spans a one dimensional 
complement in E to a space of rapid decay cycles. 



3) In the statement of Theorem 4.8 it must be understood that a Gevrey expansion can be obtained 
along any half line e td ■ [0, +oo[ in the variable x n . The space E depends on the arguments chosen 
for x n —\ , x n . 



In the proof of Theorem 4.8 we first focus on products of sectors in the variables x n -i,x n that 
are centered along the real negative axes, while the other variables X\, . . . ,x n -2 are arbitrary in 
C. The general statement follows easily from this particular case by considering actions of roots 
of unity on the cycles and by controlling the width of the sectors of validity of the asymptotic 
expansions. 



Corollary 4.10. [of Theorem 4.7 Theorem 4-8 holds for n = 2 and a pair of sectors centered on 



the real negative axis for each of the variables x\,x 2 - □ 

In order to simply notations we denote So\(Ai) = l-Lomx>(M., the sheaf of Gevrey 

solutions of order less than or equal to -^ a - of a holonomic T>x~ m odule Ai on X = C n for 
Y = (x n = 0)c X. 

Remark 4.11. By Corollary |4.10[ for all (5 e C and for each r = 0, . . . , k — 1 there exists a family 
7i,n ■ ■ ) la,r of cycles such that the family 

/ p-r \ ( /3-r 

$7i,r I j—;xi,X2 J ,...,$ 7 „ ir l{a,b),—j—;x 1 ,x 2 

is a basis of the stalk of the solution space Sol(.M (^(^r^)) at any point in Yi \ Z x . Here Y\ C C 2 
(resp. Z\ C C 2 ) is the line x 2 = (resp. Xi — 0). 

In the statement of the following Proposition we use the morphism vjp := m s p, for s = 



defined in (2.8). Recall that, according to Proposition 2.7 in Section 2, is an isomorphism 
if /3 £ N \ Ur=o( r + kN(a,b)). But if there exists < r < k (necessarily unique) such that 
^jp 1 S Z \ N(a, 6) then one of the cycles 7 T0 ,r is [0,+oo[. All the other cycles 7 T)r are in the set 
of rapid decay ones and their asymptotic expansions span the image of wp which contains no non 
zero polynomial. 



Proposition 4.12. Theorem \4-8 holds for the matrix (l,ka,kb) with gcd(a,6) = 1 and k > 1. 



There exists a set of cycles {7 Tjr |l<r<a,0<r< k}, such that the asymptotic expansions 
r ((l, ka, kb), (3) span the space of solutions ^>o\{M.^ l ka kh ^(3)). More precisely : 

Ifvjp is an isomorphism, the image of the germ o/$^ Tr ((l, ka, kb), /3) by the morphism wp equals 



GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS I 19 

If is not an isomorphism, the same is true for all the pairs (r, r) such that $ 7t r is in the image 
of zu p. This exclude exactly one pair (r ,r ) characterised by (3 = r + kq Q , and $r ,r n °t i n the 
image ofwp. Furthermore ®j TOiTq ((1, ka, kb), 0) is a polynomial. 

Proof. We consider the germs at a point (0,e, 0) with e 7^ and the stalk of the direct sum at 
(e, 0). We write B' = (l,ka,kb) and B = (a, b), and (xo,xi, x 2 ) for coordinates in C 3 . The proof 
here depends heavily on Proposition |2.7| in Section 2. 



Let us assume first that 7 Tjr is one of the rapid decay cycles among those considered in Remark 4.11 
They are relative to the matrix B and and this excludes [0, +oo[, when j3 G ro + k(X \ N(a, b)) 
for some r G {0, . . . ,k — 1}. Denote it for short 7 := 7 rr and choose a k th root 7 in C* : 
l{t) k = l{t). 

The cycle 7 is of rapid decay with respect to B' and we develop the integral 

I?j = Iy(x , Xi, x 2 ) = Ij(B', /3; x , Xi,x 2 ) = / t^ 13 ^ 1 exp(x t + x\t ka + x 2 t kb )dt 

J 7 



as 

k-i 



•^l) -£2) — ^ ^ ^"0 ^7 (•Eq? *El) -^2)- 



£=0 



I~ 

Notice that g^?(0, £1, £2) = ^!J~(0, sci, Z2) and the change of variables s = t k shows that : 





P — r \ f _tr , . h . ds 
— - — ;xi,x 2 I := Is k exp(a;is + x 2 s ) — 



f dt B r T~ 

/ t-? +r exp( Xl t ka + x 2 t kb )k^ = k^{0,x 1 ,x 2 

J7y t OXq 



Let oj = e 2 ^ and for v — 0, . . . , k — 1, 7^ := u "7. We can write 

Ij(xq, x\, x 2 ) = tu~ u P / exp(xow^s + Xis fca + x 2 s kb )ds = u~ u ^I^) {xqu v ,x\, x 2 ) 

and then 

k-i 

I^u){x ,x u x 2 ) = u u ^I~ / (x ui~",x 1 ,x 2 ) = u vp y^u~ H x l Q J^{x^ x u x 2 ). 

1=0 

The matrix {oj~ vi )o<v,i<k-i being invertible we can write 

k-1 

(4.9) XqJ~(xo,xi,x 2 ) = 2J \e, v u~ vP I^) {x Q , xi,x 2 ) 

u=0 

for some v G C. Now the cycle 7 T , r := X^Iq K ! u l ^~ ul3 l^ yields the expected result for 7 = 7 Tir : 



dx 



d r I. 



9 ^(0,x 1 ,x 2 )=r\JZ Tr (0,x 1 ,x 2 ) = i/ 7 (S,^;xi,x 2 ). 

Consider the non rapid decay case 7 T0 ,r — [0, +00 [. This happens when (3 G Z\|J^~g(r + fcN(a, b)), 
(3 = (3'k + r for unique integers (3' and < r < k. We know by Theorem 4.7 that $ro,r is the 
asymptotic expansion attached to the integral : 

Jp-rp B {xi,x 2 ) = / s ^ (exp(xig ffl + x 2 s b ) - Pp-rp (xi, x 2 , s)) — 
k ' Jo k s 
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When wq is an isomorphism, we consider the expression 



J(3,B'(xo J X lj X 2 ) 



+00 



t p 1 (exp(x t + x 1 t ka + x 2 t Kb ) - P f) (x ,x 1 ,X2,t))dt 



ika 



kb\ 



with notations analogous to those used in the proof of Theorem 4/7 It can be proved as in 
Theorem 4.7 that Jp,B' is a holomorphic solution of the system A4b>{/3) and that it admits an 
asymptotic expansion which is of Gevrey order less than or equal to - that we denote $[o,+oo[- A 
straightforward calculation, with the change of variables s = t k shows that: 

d r °J p ,B> 



dx r Q ° 



(0,Xl,X 2 ) = Jp-rg B (Xl,X 2 ) 



so that the r -component of mp(&[o t+00 [), is equal to $ To ,r - Using the already determined asymp- 
totic expansions for all others &y we get the expected result with a uniquely determined linear 

Combination % hTo = [0, +OO [- E( T ,r)^(T ,ro) C r,r%v 

If (3 G N, the integral along the cycle C& (see notations in Subsection 4.1) 

r^ 1 exp(x t + x x t ka + x 2 t kb )dt 

c b 

is a polynomial. Therefore if (3 G r + k(N \ N(a, b)) for some r G {0 . . . , k — 1}, its image by 
is zero and it is the missing asymptotic expansion in the solution space So^A^^^jfeb)^)) by the 
final part of Remark 4.11 This finishes the proof. □ 



Proof, [of Theorem 4.8, general case]. We may assume n > 3. We simply write ka = a n _i, kb = a Tl 
for some integer k > 1 and gcd(a, b) = 1. 

We first assume ax > 1 and denote as usual A' = (1, ai, • • • , a n ). We also denote B' = (1, a n _i, a n ) = 
(1, fca, and B = (a, 6). Let us consider the following diagram 



Sol(M A '(P))p 



Sol(M A {{3)\ 



Let us explain the restriction morphisms in the above diagram: p' is the restriction defined as 

p'(f(x Q , Xi, . . . , x n )) = f(x , 0, . . . , 0, x„_i, x n ). 

Similarly p(f(xo, X\, . . . , x n )) = /(0, X\, . . . , x n ). We consider a point p — (0, ...,£, 0) G C n+1 with 
e 7^ and we also denote p the image of this point in the different considered spaces. 



The morphism p' is an isomorphism for any f3 G C, see Subsection 2.1 The morphism p is an 



isomorphism if f3 G N \ ~NA, see Theorem 2.5 and Remark 2.6 



Let us consider the set of asymptotic expansions 

{$^ r (A , ,/3)|l<r<a,0<r<A;} 



where 7 r r is the cycle built in the proof of Proposition 4.12| The image by p' of r (A', f3) is just 
&~ /rr (B', (3). This proves the theorem for A' and then for A if f3 ^ N \ (because in this case p 
is an isomorphism and the image of §^ Tr (A',f3) is precisely <&^ Tr (A,/3)). 
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If /3 G N \ NA then we have again p(^ Tr (A', f})) = <&^ r (A, 0) for all (r, r) ^ (r , r ). The integral 

(4.10) J B := £ r?- 1 ^exp ^ x^A - P (x u . . . , s n , t) j 

defines a holomorphic function in a domain C n ~ 2 x S^-i x S n where Si is a sector in C which is 
a neighbourhood of the real negative axis for % — n — l,n. Here is the Taylor polynomial, for 
the exponential, of degree < /3 in t. 

As usual we consider, for k big enough, 

i r+oo /n-l \ 

(4.11) c fe (a;i,...,a: n _i) = r^ 1+ °" fc exp f J rft 
the coefficient of x\ in the expansion of J p. By developing we get 

Ck(% 1 ■>■■■■> %n—l) = ^ ^ C mii ... )?T) , n _ 2j fc(x n _i)x 1 " " " X n _ 2 

mi,...,m„_ 2 >0 

where, writing m n = k big enough, 

1 /-+00 

r \ _ * / +-/3-l+E i# „-l«imi X n -!t a n-l , 

L mi,...,m„_2,m„ V n — 1/ ■ ' 



mi! ■ ■ ■ m n _ 2 !m n ! J 
Up to a scalar multiple this last integral equals 



The condition /3 e N \ implies that the argument of the Gamma factor is never a non-positive 
integer. Writing (3 = ga„_i + j with < j Q < a n _i and choosing m 1 , . . . , m n „ 2 , m n -i, m n > 
such that jo + a n -i™n-i = Sj^n-i a « m * we see that ^he corresponding exponent of in the 
expansion of Jg is - a ' m ' = q — m n _i which is a negative integer if m n _i is large enough. 

Moreover, the asymptotic expansion of is a Gevrey series solution of M.a(P) of order less than 
or equal to which is linearly independent of the set {ip^)^(0,x) \j ^ j }. This finishes the 
proof of the theorem for A if a\ > 1. 

If finally ai = 1 then we apply previous discussion by using the restriction to the case (1, a n _i, a n ). 

□ 

Up to now we have considered only asymptotic expansions in a neighbourhood of the real negative 
axes for x n _i, x n . Looking at the reductions that we have carried out we see that it is sufficient to 
check the general statement about the arguments when n = 2. We set A = (a,b). If we consider 

%2 = V2e ie of argument 8 and changing all the cycles 7 into e l ~^ ■ 7, we are reduced to the real 
negative case for x%. Now we conclude with the following : 



Lemma 4.13. Theorem 4-8 holds for n = 2 in a product of sectors near the real negative axis for 



x 2 and an arbitrary argument for x\. 

Proof. Changing the cycles 7 to e 2ipn ^ b ■ 7 preserves the hypothesis for x 2 and modify the argument 
of X\ by a factor e 2ipa7T ^ b . By varying p, and because (a, b) = 1 we get all the 6-roots of unity. It 



is therefore sufficient to check that the asymptotic expansion found in Subsection |4.1| is valid in 
sectors around the real negative axis whose union for a given i has a width strictly greater than 
This follows from a careful inspection of the proof of the enlargement statement in Proposition 
1451 ' □ 
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5. GEVREY SOLUTIONS MODULO CONVERGENT SOLUTIONS 

We can also give a description of the stalk of the solution space r HomT> x (J^ / tA((3), Qy(s)) at any 
point of Y \ Z where, for s > 1, Q Y (s) is the quotient of O^(s) by O x \y- By jFCllbl Th. 5.3] 
this space is just (0) if 1 < s < and has dimension a„_i if s > ^ a -- We will assume in this 
Section that s > ^f 2 ^- Let <fr(t) a C°° function with compact support locally constant with value 



1 near the origin. We consider the following integral, see (4.10): 

r+oo 

(5.1) J^(x) = J^{ Xl , ...,x n ):= t-?- 1 ( e ^+-+^" _ pfa t(f) (t))) dt 

Jo 

where Pp(x,t) is the Taylor polynomial of the exponential of degree in t less than or equal to 
(3. We write J^^A^x) if we want to emphasize the dependence of this integral on the matrix A. 
This integral defines a holomorphic function in C™~ 2 x S n -i x S n for some open sectors Si C C, 
i — n — 1, n, each of them containing the real negative axis. In general this integral is not a solution 
of the hypergeometric system M.a({$) but it is a solution modulo convergent power series. 

Now we come back to the Gevrey solutions modulo convergent ones. We will treat the case 



A = (a,b) first. According to Corollary 4.10, for f3 G" 7L the family of asymptotic expansions 
{$ T (v4, (3) : = $ 7r (A, (3),t = 1, . . . , a} is a basis of Gevrey solutions of M. A (f3) in 0^{s). For 

/3 G" Z, the family {i/^ab | J = 0, . . . , a— 1} is also a basis of Gevrey solutions and their classes modulo 
convergent series form a basis of T-Lom-z> x (M.A(P), Qy(s)) |FClla[ Th. 5.9 (i)]. Then, the classes 
of {$ T (A, (3), r = 1, . . . , a} modulo convergent series forms a basis of r HomT> x (M.A((3), Qy(s))- 

Previous situation is still valid when /? 6 Z \ N(a, b), taking into account that we denote <& a (A, (5) 



the asymptotic expansion of an integral Jp{x\,X2) over 7 = [0, +00 [, see Theorem 4.7, For p = b 



the integer £ is just a and the integral along the cycle Cb is zero. As explained in the proof of 



Theorem 4.7 the asymptotic expansion of Jp(xi, x%) replace the missing integral along rapid decay 
cycles. 

Assume now (3 G N(o, b) and write (3 = j b + qa with < j < a and q > 0. We know that 
the Gamma series ip A °l is a polynomial and then its class modulo convergent series is zero. We 



denote by Q a (A,/3) the asymptotic expansion of J^^x^xz), see (5.1). The coefficient Ck(xi) of 



this expansion is, for k big enough, exactly the same as in (4.8). In particular, the exponent of 
X\ in c am+ j (xi) for m big enough is the negative integer q — bm. This proves that the family 
{<& T (A,/3), t — l,...,a} is still linearly independent modulo convergent power series. Hence, it 
defines a basis of %omv x (M.A{.f3)i Qy(s)). 

We treat now the case A = ( ) and n > 3. We write as usual a n _i = ka, a n = kb for 



k > 1 and gcd(a, b) = 1. According to Theorem 4.8, for (3 $ N the family of asymptotic expansions 
{$>7y r r (A, fi), 1 < t < a, < r < k} is a. basis of Gevrey solutions of JAa(P) i n ®x\y( s )- Lor 

/3 N, the family \}Pa b := ya' b^i a:) I J = 0, ... , a n _i — 1} is also a basis of Gevrey solutions and 



their classes modulo convergent series form a basis of %omv x (M.A{.f3), Qy(s)) [FCllb, Th. 5.5 



(i)]. Then, the classes of {$^ T r (A, (3), 1 < r < a, < r < k} modulo convergent series form a 
basis of T-Lomxi x (MA((3), Qy(s)). 

Previous situation is still valid when (3 G N\NA, taking into account that we denoted $7 TO , ro (A, (3) 



the asymptotic expansion of an integral Jp(x) over [0,+oo[, see (4.10) and we considered this 



asymptotic expansion as the generator of a complement space of {y?;^' j = 0, . . . , a n _i — 1}. 

Assume now (3 G NA. We denote by (A, j3) the asymptotic expansion of J^pix), see (5.1), 

with respect to x n . The coefficient C).(xi, . . . , x n _i) of this expansion is, for k big enough, exactly 
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the same as in (4.11). We can proceed as in the proof of the general case of Theorem 4.8 



to see 



that the classes modulo convergent power series of the asymptotic expansions r (A, (5) form a 
basis of the solution space %om£> x (A4yi(/3), Qy(s)). 
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